Abstract:We investigate the variational problem of the generalized relaxed elastic line defined as the problem of finding critical points of the functional obtained by adding the twisting energy to the bending energy functional, on a non-degenerate surface in Minkowski 3-space. There arise two different situations for the curve α given on any non-degenerate surface S in Minkowski 3-space according to the absolute value expression in the curvature and torsion formulas. We study the problem for both cases and as a result we characterize the generalized relaxed elastic line with an Euler-Lagrange equation and 3 boundary conditions in both cases. Finally, we search special solutions for the differential equation system obtained with regard to the geodesic curvature, geodesic torsion and normal curvature of the curve.
Introduction
A relaxed elastic line is a solution of a variational problem introduced by Manning [1] in 1987 to examine mechanical features of DNA molecule. Mathematical idealization of the problem of relaxed elastic line is finding extremals of the bending energy functional 0 κ 2 ds under some boundary condition (see [1, 2] ). In [3] , we have extended this problem to finding a generalized relaxed elastic line on an connected oriented surface in Euclidean 3-space. We define the generalized relaxed elastic line as a critical point of the functional which consists of the addition of twisting energy to bending energy
among the family of all arcs with fixed length , initial point and initial direction [3] . We consider that this problem may be useful for certain problem in non-Euclidean * Corresponding author: gozdetukel@isparta.edu.tr spaces such as Minkowski space. So, we study the problem of generalized relaxed elastic line on a connected oriented non-degenerate surface S in Minkowski 3-space R 3 1 . The main purpose of this paper is how to approach to the study of finding critical points on a non-degenerate surface S in R 3 1 , and seek what type of differences and similarities are there between both scenarios. In line with this purpose, we study the critical points corresponding to curvature energy functionals defined for non-null curves on S and derive motion equations for a generalized relaxed elastic line on S in R 3
1 . Finally,we examine whether the non-null geodesics on pseudo-plane, pseudo-sphere, pseudo-hyperbolic space and pseudo-cylinder in R 3 1 are generalized elastic lines.
Basic Concepts, Variational Formulas and Partial Derivations
Let R 3 1 denotes Minkowski 3-space with symmetric, bilinear and non-degenerate metric , such that for vectors
The Lorentzian vector product of x and y is defined by
We say that a tangent vector x in R 3 1 is a spacelike, timelike or lightlike (null) if x, x > 0 (or x = 0), x, x < 0 or x, x = 0 and x = 0, respectively. So a curve α defined on an open interval I in R 3 1 is a spacelike, timelike or lightlike (null) at t in I if its velocity vector α (t) is a spacelike, timelike or lightlike, respectively. We consider that S is a connected oriented surface in Minkowski 3-space. Then, an immersion ϕ : S → R 3 1 is called spacelike, timelike or lightlike if all tangent planes (T p M, ϕ * , ) are spacelike, timelike or lightlike, respectively. A surface is called as "non-degenerate" if the surface is a spacelike or timelike [4, 5, 6] . Let α be a non-null, smooth and regular curve on S. The Frenet frame of the curve α is given by {T, N, B}. Here T is the unit tangent vector field to α, N is the unit normal vector field and B is the binormal vector field. The derivative formulas of the Frenet frame can be written as follows
On the other hand n (s) is the unit normal vector of S and ε 1 Q (s) = n (s) ∧ T (s) is the binormal vector field, where s is the arc length parameter of α, 0 ≤ s ≤ , and ε 1 = Q, Q = ±1. Then {T, Q, n} is a Darboux frame on S along α with the following derivative formulas
where T, T = ε 0 = ±1 and n, n = ε 2 = ±1. Also, κ g = T , Q , κ n = T , n and τ g = Q , n are the geodesic curvature, the normal curvature and the geodesic torsion of α, respectively [4, 5, 6] . From relationship between these two frame, the curvature κ and the torsion τ of α on S are found as follows
and
Thanks to these curvatures, it is possible to make the following definition. Definition 1. Any extremal of the functional
among a family of non−null curves with fixed length and initial point and direction on a non−degenerate surface S in Minkowski 3-space R 3 1 is called a generalized relaxed elastic line.
Definition 1 shows that the problem of a generalized relaxed elastic line in R 3 1 is an application of variational calculus because the problem concerns with finding a function for which the value of a functional is the smallest possible [7] . In this case, we usually determine a variation before beginning to solve the problem. For this reason, we first assume α lies the following coordinate path
We have the following expression for α (s) = X (u (s) , v (s)) with
where p (s) and q (s) are some suitable scalar functions. Now we need define a family of variational arcs with fixed length . Thus we extend α (s) to α * (s) defined for 0 ≤ s ≤ * with * > , but sufficiently close to so that α * lies in the coordinate path. Then, we can give the variation vector field as follow
along the curve α, where µ(s) is a scalar function of class C 3 , not vanishing identically. There are two restrictions placed on µ
and no other constraints on µ. Thus, the variation of α is denoted by
for 0 ≤ σ ≤ * , with β (0,t) = α (0) and
(where δ 1 > 0 depends upon the choice of α * and µ) the point β (σ ;t) lies in the coordinate path and the variational arcs have fixed initial point and direction with α. β (σ ;t), 0 ≤ |t| ≤ δ ≤ δ 1 , can be constrict to an arc of length by restricting the parameter σ to an interval of 0 ≤ σ ≤ λ (t) ≤ by requiring
where λ (0) = . We next need the following derivative
[8]. By using (2), we obtain some partial derivatives of β (σ ;t) with respect to σ or t as follows
and some mixed derivatives of β (σ ;t) are obtained as
Motion Equations for Generalized Relaxed Elastic Lines
In this section, we investigate the generalized curvature energy action for non-null curves on a connected oriented non-degenerate surface S in Minkowski 3-space R 3 1 . We suppose that α is a smooth non-null curve on S and β (σ ;t), 0 ≤ σ ≤ λ (t) , |t| < δ , is a variation with the variation vector field (6) . Then the functional F (t) of arcs β (σ ;t) can be obtained as follows:
Assume that α be a critical value of the functional F (t) , then we have dF dt t=0 = 0 for arbitrary µ satisfying (7) (see [7] ). In calculating dF dt , we omit
since these terms vanishes at t = 0 because T, T = 0.
Thus we obtain
By using partial derivatives (10 − 16), and (3) , (4) , (9) , 543 G. Özkan Tükel, A. Yücesan / A Study on a Generalized Relaxed Curvature Energy Action we obtain;
By standart integration by parts and using (7), the first variation formula is
(17) The reader should note that κ and τ in Eq. (17) are cosidered as in Eqs. (3) and (4). Here we use the left side of the equations for writing simplicity. Now we suppose that α is a critical point of the functional (1) for all functions µ satisfying (7) with arbitrary values of µ ( ) and µ ( ), then it must satisfy the following three boundary conditions;
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